We investigate the formation of X waves during filamentation in Kerr media. From the standard model developed for femtosecond filamentation in liquids, solids, and gases, the influence of several physical effects and parameters is numerically studied in the strongly nonlinear regime where group velocity dispersion alone is insufficient to arrest collapse. The collapse is shown to be arrested by multiphoton absorption and plasma defocusing, but not by dispersion. The postcollapse dynamics takes the form of a pulse splitting, which induces large gradients in the near field and seeds the formation of X waves, appearing both in the near and far fields. We discuss the universal features of the X-wave patterns, among which the long arms in the far field that follow the linear dispersive properties of the medium ͓Conti et al., Phys. Rev. Lett. 90, 170406 ͑2003͒; Kolesik et al., Phys. Rev. Lett. 92, 253901 ͑2004͔͒ and are accompanied by a strong modulated axial emission.
I. INTRODUCTION
The phenomenon of femtosecond filamentation has now attracted attention for about one decade ͓1-16͔. Despite considerable literature on the subject reporting generation of filaments in various media, at various wavelengths and pulse durations or energies, several different interpretations of this phenomenon still coexist, precisely because of the diversity in the experimental conditions. Initially, femtosecond filamentation was discovered from the propagation in air or gases of subpicosecond laser pulses with power exceeding the critical power for self-focusing P cr ϵ 3.77 0 2 /8n 0 n 2 ͑3 GW in air͒ ͓17͔. Here, 0 denotes the laser wavelength, n 0 denotes the linear index of the medium, and n 2 its nonlinear coefficient. Instead of a beam collapse and a breakdown of the gas, the pulse was observed to form one or several narrow structures with a hot core ͑diameter of about 100 m͒ able to propagate over extended distances, without apparent diffraction ͓1͔. Femtosecond filamentation was later shown to occur also in transparent solids such as fused silica ͓18͔. This type of media have a nonlinear index coefficient usually 3 orders of magnitude larger than gases, making possible the femtosecond filamentation process with energies in the micro-Joule range. The filaments generated in condensed media exhibit a narrower hot core than in gases, and hence, they are suitable candidates for applications requiring the deposition of laser energy over a limited scale in a bulk medium, such as the production of buried optical elements. Filamentation in solids, is, indeed, intrinsically linked to damage because saturation of self-focusing usually produces intensities and fluences comparable to the known thresholds for damage ͓6͔. From a fundamental point of view, the short Rayleigh length associated to filaments in condensed media allows studies of the phenomenon over reduced scales. To this aim, damage or heating of the material should be avoided by moving the sample continuously so that the successive pulses interact with fresh material. Water, however, constitutes an alternative condensed medium in which femtosecond filamentation was recently demonstrated ͓10͔. The advantage of liquids is that the sample is not damaged by successive laser shots. Both liquids and solids share the property of having a large nonlinear index coefficient and large dispersive coefficients. Until recently, the physics of filamentation in gases and in condensed media was assumed, and actually shown, to be generic and universal ͓14͔, i.e., proceeding from an interplay between mainly diffraction, self-focusing due to the optical Kerr effect, and plasma defocusing, while the participation of other physical effects such as chromatic dispersion and multiphoton absorption ͑MPA͒, although visible, was considered as only slightly affecting the interplay of the main mechanisms. Among possible reasons, there is certainly the fact that measurements of the filamentation dynamics, as well as models, aim at exhibiting the role of the most visible high intensity part of the wave.
Recent results show, however, that experimental measurements of filamentation in water can be reproduced with good agreement by using a model exhibiting an interplay between different main physical effects ͓13͔. These effects are diffraction, self-focusing, and nonlinear losses ͑NLL͒ which correspond to multiphoton absorption that does not necessarily lead to plasma generation, as is the case when the laser pulse leaves the medium in an excited electronic state.
In a model, parameters characterizing each physical effect must usually be introduced but are not always known with a great precision and the conclusion regarding the physical effects that prevail in filamentation obviously depends on the choice of these parameters, in particular when a good agreement with measurements is obtained in a whole parameter range. From recent works, it is now well established that a signature of filamentation in water and in transparent solids is the X-wave generation in normally dispersive media, the role of which in the dynamics of filamentation is still an open question ͓16,19͔. The notion of X waves was originally introduced as a solution to stationary, nondiffractive and nondispersive, linear propagation problems in dispersive extended media ͓20͔. These waves possess a biconical shape ͑an X͒ both in the space-time domain ͑for the near field͒ and in the wave-number-frequency domain ͑for the far field͒. Recently, the existence of nonlinear X-waves has been shown for a nonlinear propagation model ͑nonlinear Schrödinger equation͒ including group velocity dispersion ͓21͔; these waves are more generally nondispersive and nondiffractive stationary solutions of a nonlinear propagation problem and have a high intensity core surrounded by extended biconical feet. Kolesik and co-workers ͓19͔ have shown that filamentation in water forms X-wave patterns, called dynamic X waves, appearing in the far fields only. The dynamic X waves were shown to result from the competition between group velocity dispersion and Kerr self-focusing while the near fields exhibit successive focusing defocusing cycles following the dynamic spatial replenishment model ͓4͔. The recent measurement of X-like patterns both for the near field and the far field of light filaments in water ͓22͔ suggests that nonlinear X waves ͓21͔ might be considered as the ultimate state reached by dynamic X waves ͓19͔, both types of waves sharing universal features detailed below. This provides a new insight in the physics of filamentation in condensed media and advocates for revisiting the current modeling of this phenomenon. The aim of this paper is to discuss the influence of several physical effects including plasma generation and defocusing, nonlinear losses, group velocity dispersion with its high-order components and pulse self-steepening in the modeling of femtosecond filamentation in transparent Kerr media and in the associated X-wave generation. In so doing, the main criterion used for estimating the importance of each effect is the agreement between computed X-like patterns generated by the propagation of intense laser pulses in Kerr media and the various features of these patterns measured under the same conditions. We, therefore, start by briefly presenting, in Sec. II, the typical features appearing in X-wave measurements during the filamentation process. The outline of the paper is then the following: Sec. III deals with the model used to perform numerical simulations of filamentation in Kerr media. In Sec. IV, it is shown by means of reduced models that several physical effects can arrest the collapse that would occur in a purely Kerr medium and lead to pulse splitting, each subpulse acting as a seed for X-wave generation. Section V focuses on the features of the computed X waves formed by filamentation of infrared laser pulses ͑800 nm͒, while Sec. VI deals with filamentation and X-wave generation in water from green laser pulses ͑527 nm͒. In both Secs. V and VI, the influence of various physical effects of the features of X waves are discussed.
II. TYPICAL EXPERIMENT ON X-WAVE FORMATION
The input laser pulse is first spatially filtered so as to guarantee a uniform Gaussian-like beam profile that will not break up into multiple filaments. The beam is focused onto the entrance face of a water cell of 5 cm long. The beam waist at this location ͑referred to as z = 0 in the following͒ is w 0 =75 m. The pulse undergoes self-focusing and filamentation in the water cell. Angular spectra in the filament are detected by an imaging spectrometer having its entrance slit in the focal plane of a focusing lens, ensuring a single-shot detection of the angular frequency distribution ͑see Ref. ͓16͔ for details͒. Figure 1͑a͒ shows a typical angular spectrum obtained for a FWHM = 200 fs, green laser pulse ͑ 0 = 527 nm͒ with energy E in =3 J, at the propagation distance of z = 4 cm. Figure  1͑b͒ shows an angular spectrum obtained at an infrared wavelength ͑ 0 = 800 nm͒ for a FWHM = 160 fs pulse with E in =3 J.
Specific remarkable features should be noted in both spectra: ͑i͒ There is a strong on-axis emission for small transverse wave vectors or angles, extending both into the blue and red regions. ͑ii͒ There is an X pattern with long arms extending at specific angles, their extension being less pronounced in the redder than in the bluer region for the infrared laser. ͑iii͒ The angular spectra are modulated, with fringes exhibiting a paraboliclike dependence on wavelength. These features were found in various media, under different pulse and focusing conditions and can therefore be considered as a signature of filamentation in condensed media.
In the following, we investigate numerically the appearance of these features in the angular spectra by using the standard model presented in Sec. III. In particular, we can use reduce sets of physical effects to determine their contribution in shaping these far-field patterns.
III. PHYSICAL MODEL
The numerical code used in this study relies on the physical model developed for the propagation of an intense pulse in noble gases or air ͓4,5,9,12͔, fused silica ͓6,15,18͔, and liquids ͓13,19,22-25͔.
We model the linearly polarized beam with cylindrical symmetry around the propagation axis z by the envelope E of the electric field E, written as E =Re͓E exp͑ikz − i 0 t͔͒, FIG. 1. ͑Color online͒ ͑a͒ Far field in -space measured after propagation and filamentation of a green ͑527 nm͒ laser pulse over 4 cm in water. ͑b͒ same as in ͑a͒ for an infrared ͑800 nm͒ laser pulse after propagation over 3 cm in water.
where k = n 0 0 / c and 0 are the wave number and frequency of the carrier wave and n 0 denotes the refraction index of water at 0 . The input pulses are modeled by Gaussians with energy E in and a temporal half width t p ͓full width at half maximum ͑FWHM͒ duration FWHM ϵ t p ͱ2 log͑2͔͒
͑1͒
The input power is computed from the energy and pulse duration P in = E in / t p ͱ / 2 and the input intensity is computed from the input power and the transverse waist w 0 of the beam E 0 2 =2P in / w 0 2 . The scalar envelope E͑r , t , z͒ evolves along the propagation axis z according to the nonlinear envelope equation ͓26͔, expressed in the frequency domain
where 
͑3͒
where the dispersive coefficients are kЉ ϵ ‫ץ‬ 2 k / ‫ץ‬ 2 ͉ 0 and kٞ ϵ ‫ץ‬ 3 k / ‫ץ‬ 3 ͉ 0 . When higher-order dispersive terms are neglected as in Sec. V below, Eq. ͑2͒ is written in the time domain by using the retarded time t
where U ϵ͓1+͑i / kv g ‫ץ͑͒‬ / ‫ץ‬t͔͒. We consider water, without loss of generality, as a typical Kerr and dispersive medium and two models that include different nonlinearities.
The first model, Eq. ͑5͒, includes the optical Kerr effect with possible optical shock terms ͑self-steepening͒ and nonlinear losses
Self-focusing related to the Kerr effect occurs for pulses with P in above P cr . No redshift has been observed in the experiments in water and, therefore, no nonlocal term corresponding to delayed Raman-Kerr contribution ͓29,30͔ is taken into account. The operator T ϵ 1+͑i / 0 ‫ץ͑͒‬ / ‫ץ‬t͒ in front of the Kerr term is responsible for the self-steepening of the pulse ͑the so-called shock terms͒ ͓27,31,32͔. For the sake of understanding the importance of each effect individually, the nonlinear losses correspond to a multiphoton absorption term that does not induce multiphoton ionization ͑MPI͒, but only excitation of the water molecules. In this respect, note that there is no coupling with a plasma density in model ͑5͒ even if the dependence of NLL on intensity is the same as for MPI-induced losses. In the second model, Eq. ͑6͒, the nonlinear effects include the optical Kerr effect again with possible shock terms, plasma absorption, plasma defocusing, and multiphoton absorption
In the following, model ͑5͒ will be referred to as the model without plasma and model ͑6͒ as the model with plasma defocusing. The model ͑6͒ is coupled with the density of the electron plasma generated by multiphoton ionization or avalanche, the evolution of which is governed by Eq. ͑7͒
The first term on the right hand side of Eq. ͑7͒ describes electron-hole plasma generation via multiphoton processes. The quantity n denotes the density of neutral molecules of water. The potential U i for water corresponds to a transition from the 1b 1 molecular orbital to an exciton band ͓33-35͔ and K ϵ͗͑U i / ប 0 ͒ +1͘ ͑where ͗¯͘ denotes the integer part͒ is the number of photons involved in the multiphoton process. In Eq. ͑7͒, the transition rate K reads is linked to the multiphoton absorption cross section:
For sufficiently dense electron-hole plasmas, the avalanche process may generate an electron-ion plasma. The second term in Eq. ͑7͒ accounts for avalanche ionization, which involves the cross section for inverse bremsstrahlung . This quantity is the same as in the plasma absorption term and follows the Drude model ͓36͔
where the momentum transfer collision time c = 3 fs. We used in all simulations the physical parameters given in Table I unless different values ͑for ␤ K and K ͒ are specified in the text. For the dispersive coefficients, the table indicates values inferred from measurements published in the literature ͓28͔. These values have been used for 0 = 800 nm ͑Sec. V͒ while the full dispersion relation ͑Eq. ͑12͒ in Ref. ͓28͔͒ was used for 0 = 527 nm ͑Sec. VI͒. For the multiphoton absorption coefficient, no direct measurement is available. Its value may be estimated from the Keldysh formulation ͓37-39͔. The accuracy of the estimation is, however, material dependent. For fused silica, for example, values for the multiphoton absorption cross section found in the literature can differ by 4 orders of magnitude one from each other ͓6͔. The table below gives reference values for water, computed from Keldysh's formulation with the given poten-tial U i , and the exciton reduced mass ratio m * / m e . Alternatively, the multiphoton absorption coefficient can be deduced from a transmission measurement, such as that performed recently for green laser pulses ͑527 nm͒ in water ͓25͔. We used in our calculations several values for the multiphoton absorption cross section that are specified in the text and differ from the value computed from Keldysh's model, first because our recent measurements have shown that a difference amounting to 2 orders of magnitude is plausible, and second for the purpose of illustrating the influence of this parameter ͓25͔.
IV. MECHANISMS ARRESTING THE COLLAPSE
In this section, we consider reduced models involving two competing physical effects in addition to diffraction. It will be shown that three different physical mechanisms lead to the arrest of collapse that would occur in a purely Kerr medium. Beyond collapse, the dynamics takes the form of a pulse splitting into two, possibly asymmetric, subpulses departing from each other. Each subpulse constitutes a seed for the generation of an X wave. Specific features of X-wave patterns depend on the velocity of the departing subpulses, i.e., on the relevant mechanism arresting the collapse. We, therefore, detail here the possible candidate for arresting the collapse.
A. Group velocity dispersion
It is well known that group velocity dispersion ͑GVD͒ alone is able to arrest the collapse singularity that would occur in a purely Kerr medium ͓42-45͔. This mechanism, however, is relevant for pulses having a sufficiently low peak power or in sufficiently dispersive Kerr media ͓46͔. For the conditions of our simulations ͑t p = 130 fs, E in = 2.2 J, 0 = 800 nm, P in / P cr ϳ 7, w 0 =75 m͒, GVD of water ͑kЉ = 248 fs 2 /cm͒ is not sufficient to arrest collapse as shown in Fig. 2 . Here the NLS ͑Nonlinear Schrödinger equation with GVD limited to second order was integrated Figure 2͑a͒ shows the beam width ͑FWHM of the fluence distribution͒ and Fig. 2͑b͒ shows the peak intensity as a function of the propagation distance for kЉ = 248 fs 2 / cm. The collapse singularity at z ϳ 6 mm cannot be avoided. Figures 2͑c͒  and 2͑d͒ show the same quantities for a highly dispersive medium having kЉ = 20 000 fs 2 / cm. In this case, the standard arrest of collapse is obtained. The postcollapse dynamics involves a pulse splitting into two components moving in opposite directions in the frame of the input pulse, at velocities depending on kЉ ͓see Fig. 2͑e͔͒ . In most reasonably dispersive Kerr media, GVD is, therefore, not the relevant mechanism for the arrest of collapse occurring for pulses with relatively large input peak powers.
B. Plasma defocusing
Plasma defocusing constitutes another mechanism arresting the collapse. Here we consider the minimal model
where the plasma density is generated by multiphoton ionization only ͓Eq. ͑7͒ with =0͔. Here, the plasma defocusing term is the same as in Eq. ͑6͒ when plasma absorption as well as avalanche ionization are neglected. When ϳ 0 and c ӷ 0 −1 = 0.42 fs at 800 nm, the plasma defocusing term is indeed written as ͑ 0 c /2͒E ϳ͑k /2n 0 2 c ͒E and involves the critical plasma density above which the plasma becomes opaque c ϵ ⑀ 0 m e 0 2 / e 2 . In contrast with what is generally written in the literature, this model does not lead to the formation of a nonlinear waveguide or a soliton. By integrating Eqs. ͑10͒ and ͑7͒ with the same Gaussian input pulse as in Sec. IV A, the postcollapse dynamics becomes indeed rapidly singular. Figure 3͑a͒ shows the beam width and Fig. 3͑c͒ the peak intensity and electron density obtained with K = 1.2ϫ 10 −52 s −1 cm 10 W −5 ͑which corresponds to ␤ K =1 ϫ 10 −47 cm 7 W −4 . The collapse is arrested by plasma defocusing, but only the trail of the pulse undergoes the action of the plasma. As shown on Fig. 3͑b͒ , the peak intensity is pushed forward as for a superluminal propagation and is shortened continually down to unphysical ͑subfemtosecond͒ durations ͓in the framework of model ͑10͒, which does not account for the deviations to the slowly varying envelope approximation͔. The contour plot for the on-axis intensity in Fig. 3͑d͒ shows that this model leads to a short peak intensity traveling slightly faster than the light velocity, independently of any dispersive property of the medium.
Plasma defocusing alone is, therefore, able to arrest the collapse but model ͑10͒ must be completed by additional physical effects in order to obtain a correct postcollapse dynamics instead of the generation of subfemtosecond pulses.
C. Nonlinear losses
Multiphoton absorption in itself is able to arrest collapse. This was predicted theoretically ͓47-50͔. The minimal model to be considered here reads
Figures 4͑a͒ and 4͑b͒ show the beam width and the peak intensity as a function of the propagation distance obtained by integrating Eq. ͑11͒ from the same Gaussian input pulse as in Sec. IV A, with K = 5 and ␤ K =1ϫ 10 −47 cm 7 W −4 . The collapse is clearly arrested around z ϳ 6 mm and a filamentary propagation follows. Figure 4͑c͒ shows the evolution of the temporal profiles on axis. The pulse is depleted by nonlinear losses. Successive splittings generate a multipeaked structure with large intensity gradients, sufficient to generate a strong on axis emission via self-phase modulation ͑SPM͒. The intensity contours in Fig. 4͑d͒ illustrate these recurrent splittings. Note that in this case, the arrest of collapse and the subsequent pulse splitting are obtained for realistic parameters of water.
D. Multiphoton absorption and plasma defocusing
We finally consider the minimal model in which MPA describe the MPI-induced losses, with GVD described up to second order
͑12͒
The beam width ͓Fig. 5͑a͔͒, as well as the peak intensity and electron density ͓Fig. 5͑c͔͒ are computed as functions of the propagation distance by integrating Eqs. ͑12͒ and ͑7͒ from the same input pulse as previously with the coefficients n 2 = 4.1ϫ 10 −16 cm 2 /W, kЉ = 248 fs 2 / cm, K = 5 and ␤ K =1 ϫ 10 −47 cm 7 W −4 . Here, both MPA and plasma defocusing are independently able to arrest the collapse, but GVD is not. The arrest of collapse is therefore driven by both MPA and plasma defocusing acting simultaneously. Figure 5͑b͒ shows that the intensity distribution in space and time exhibits an asymmetric two-peaked ͑in general multipeaked͒ structure during the postcollapse dynamics. Figure 5͑d͒ shows the onaxis intensity contours with evidence of the asymmetric pulse-splitting dynamics which is due to the fact that the self-focusing of the pulse trail is delayed by the action of the plasma. Each split pulse travels at a specific velocity reflecting the speed of the nonlinear interaction responsible for the splitting. The leading pulse with t Ͻ 0 is faster and the trailing pulse with t Ͼ 0 is slower than the group velocity v g ͑ 0 ͒.
In Ref. ͓19͔, a smaller nonlinear index coefficient than in the present work was used and GVD was shown to be the dominant mechanism arresting the collapse and leading to pulse splitting. In contrast, we have shown that with the measured second-order dispersion of water ͑248 fs 2 /cm at 800 nm͒ and relatively large input peak powers ͑7 P cr ͒, the mechanisms arresting the collapse are not GVD but MPA and plasma-induced defocusing.
E. Effect of GVD on the postcollapse dynamics and consequences of the pulse splitting on X-wave generation
The highly nonlinear dynamics leading to pulse splitting generates new frequencies via self-phase modulation, which is the origin of a strong on-axis emission. Although minor in the highly nonlinear dynamics near the collapse, the role of GVD is important in the postcollapse dynamics. First, GVD regularizes the large intensity gradients generated by the competition between self-focusing, MPA, and plasma defocusing. No unphysical subfemtosecond structures are generated with model ͑12͒. Second, the combined action of GVD and diffraction organizes the less intense part of the wave, i.e., the feets of the near field, as well as the new generated frequencies. Figure 5 shows several generic features for the far field ͓Fig. 5͑e͔͒ and for the near field ͓Fig. 5͑f͔͒ computed by integration of Eq. ͑12͒ for a propagation distance of 3 cm. The near field exhibits a clearly visible double-X structure, each X originating from each split pulses emerging after the collapse. Correspondingly, the far field not only exhibits the strong on-axis emission which reflects the new frequencies generated via SPM, but also long arms in the form of a central X. These arms have a slope governed by the dispersive properties of the medium ͓19,21͔, i.e., for large departures from the central laser frequency, the angular spectra should be asymptotic to the analytical law k Ќ = ͱ kkЉ͑ − 0 ͒ shown by the continuous lines in Fig. 5͑e͒ . This structure does not appear immediately beyond collapse. The strong on-axis emission generated by SPM appears first, rapidly after collapse, while the central X pattern becomes clearly apparent at larger distances ͑about twice that needed for col- FIG. 5 . Arrest of collapse by plasma defocusing and MPA, computed from model ͑12͒: ͑a͒ Beam width vs z. ͑b͒ Intensity distribution at z = 1.5 cm. ͑c͒ Peak intensity ͑left axis͒ and electron density ͑right axis͒ vs z. ͑d͒ On-axis intensity distribution. The parameters are t p = 130 fs, E in = 2.2 J, 0 = 800 nm, P in / P cr ϳ 7, w 0 =75 m, K =5, K = 1.2ϫ 10 −52 s −1 cm 10 W −5 , and ␤ 5 =1ϫ 10 −47 cm 7 W −4 . ͑e͒ Far field at z = 3 cm. ͑f͒ Near field at z = 3 cm. The intensity levels are plotted in logarithmic scale over six or seven decades, the numbers of decades being indicated on the gray-level bar.
lapse in this case͒. Thus, the wave structure during the postcollapse dynamics is built progressively. The split pulses originating from the arrest of collapse by MPA and plasma defocusing act as a seed for the generation of X waves, the long arms both in the far fields and in the near fields being slowly built by the competition between GVD and diffraction. Finally, the presence of two split pulses in the near field leads to interferences, clearly visible in the far field. Since these split pulses are moving in opposite directions in the reference frame of the input pulse, the far-field X signature generated by each of these split pulses departs from the central X pattern. The deviations actually reflect the details of the nonlinear interaction. As for linear X waves having in general different group and phase velocities than those of a plane pulse of the same frequency in the same material ͓v g ͑ 0 ͒ and c / n 0 ͔ ͓51͔, the far-field X signature of each split pulse in the filament possesses two, low and high frequency half-X branches separated by a gap in frequency. The extent of the gap depends on the velocity of each split pulse. These generic features are shown in Fig. 5͑e͒ , where the asymptotes of the two half-X branches corresponding to the trailing split pulse intersect the wavelength axis on the blue side around 650 and 750 nm, respectively. On the red side, only the high frequency half-X branch belonging to the leading split pulse is visible with asymptotes intersecting around 850 nm.
These features are similar to the low and high frequency ridges predicted in Ref. ͓19͔ except that the splitting dynamics, and hence the frequency gap, was attributed to the effect of GVD, while in our case, GVD determines only the asymptotes of the central X and external half X. A recent study corroborated the presence of two side half-X waves on the blue and red sides of the central X shape in the far field of an infrared pulse filamenting in water. The two halves could be measured with great precision at the expected well-defined wavelengths and were interpreted in terms of a four wave mixing ͑FWM͒ process between two highly localized, strong pump waves and two amplifying weak X waves ͓52͔.
We end this section by commenting the differences of this FWM model with a three wave mixing ͑TWM͒ model involving the optical wave, a material wave accounting for the material excitation and the scattered wave, proposed in Refs. ͓24,53͔ to explain the extent of the supercontinuum generation in filamentation.
The visibility of the lowest and highest frequency half-X branches obviously not only depends on the chromatic properties of the material, but also on the frequency gap between the two halves, i.e., on the mechanism and speed of the pulse splitting. In Ref. ͓53͔, the phase matching conditions were shown to be compatible with the absence of the red tails of the X far field for a central wavelength of 800 nm, whereas both the red and blue X arms were present for a central wavelength of 400 nm. In Ref. ͓19͔, by combining the same three wave mixing model with numerical measurements of the dispersion induced by the material wave, a prediction of the locations of the low and high frequency ridges could be established ͓19͔ for a green wavelength of 527 nm. Despite a prediction for the same features in the far fields of filamenting pulses, an essential difference between the FWM and the TWM models is that the dispersion induced by the material wave should be known a priori ͑or obtained from simulations͒ so as to derive the frequency gap between the half-X waves in the TWM model. In contrast, the FWM model allows an analytical prediction of both the frequency gap between the half-X waves and the group velocities at which the two X waves should travel ͓52͔.
V. NUMERICAL SIMULATIONS IN WATER AT 800 NM
In order to investigate numerically the formation of X waves and the influence of several physical effects and parameters on the transformation of the Gaussian input pulses into X waves, we start by comparing models Eq. ͑5͒ and Eq. ͑6͒, i.e., without and with plasma-induced defocusing, on a typical case for an infrared laser pulse propagating in water, with energy E in = 2.2 J, pulse duration t p = 130 fs ͑ FWHM = 153 fs͒. The beam waist on the entrance plate of the water cell is w 0 =75 m. We will then compare the influence of other physical effects in both models. Figure 6 shows the far-field E͑k Ќ , , z͒ and the near-field patterns E͑r , t , z͒ obtained after propagation of the infrared laser pulse with above parameters over a fixed distance z = 3 cm in the water cell. In these simulations, the cross section for MPA is ␤ K =1ϫ 10 −47 cm 7 /W 4 . Group velocity dispersion is described up to the third order. The optical shock terms are not taken into account, which amounts to setting T = 1 and consistently U = 1 in the models. Note that both the near and far fields are in logarithmic scale on all figures in this paper, the numbers of decades below the peak intensity being indicated on the gray level bars. The first FIG. 6 . Far field ͑top͒ and near field ͑bottom͒ after 3 cm propagation in water computed with dispersive terms up to the third order and no shock terms. First column: no plasma. Second column: same as in first column with plasma generation and plasma defocusing. column in Fig. 6 corresponds to model Eq. ͑5͒ and the second column to model Eq. ͑6͒ with plasma-induced defocusing. Both models produce far fields that have an X shape centered around 800 nm and a strong on-axis emission. On each far field, the continuous curves indicate the asymptotic direction of the X waves, which follow the dispersive properties of the medium as
A. Influence of plasma defocusing
The near field is constituted by a central core that exhibits two main temporal peaks, each of which having a biconical structure. Interference fringes between these two peaks are visible and produce the modulation that is more visible in the tail, at positive times on the profile computed from model Eq. ͑6͒. The main differences induced by taking into account plasma defocusing are the following. In model ͑5͒, the thirdorder GVD constitutes the single source for the pulse asymmetry in time. In model ͑6͒, the pulse asymmetry can be produced either by third-order GVD or by plasma defocusing, which acts on the trailing part of the pulse. It can be readily seen in Fig. 6 that the near field obtained with model ͑6͒ is more asymmetric. This asymmetry is in turn visible in the far-field spectra which have an on-axis component with a shorter modulation appearing on both the blue and the red side when plasma-induced defocusing is taken into account. In addition, the extension of the long arms in the far field seem to be promoted by the presence of plasma defocusing in the model ͑6͒. Figure 7 shows the far-field and near-field patterns obtained in the same conditions as in Fig. 6 except for the shock terms that are now taken into account. It can be seen that the main features visible in Fig. 6 are still present, but the modulation in the far field is attenuated for the model including plasma defocusing when shocks are accounted for. Second, for both models, the extent of the on-axis emission with the shock terms is slightly smaller than without shocks. This is consistent with the intuitive notion that the shock term, which in the frequency domain corresponds to the operator T ϵ 1+͑ − 0 ͒ / 0 , tends to enhance the effective coefficient for SPM for upshifted frequencies, on the blue side of the spectrum, while it reduces this SPM effect on the red side. Therefore, a pulse undergoing the self-steepening effect has a steeper falling edge and will generate more blue than red frequencies via SPM, leading to a blueshifted spectrum with smaller extent in the red part. This slight blueshift in the far fields appear for both models. Finally, this blueshift enhances the asymmetry obtained with the presence of plasma defocusing in model ͑6͒, by promoting slightly longer arms on the blue side of the spectra, than their counterparts in Fig.  6 .
B. Influence of the shock terms
In the following, all the simulations presented have been done with and without shock terms. Since the differences are never much greater than those observed between Figs. 7 and 6, only the simulations with shock terms are shown on the figures. These small quantitative differences indicate that shock terms, in spite of their importance to describe correctly the extent of the far fields, have much less influence than the uncertainty on some other parameters such as the cross section for multiphoton absorption to cite only one.
Similarly, we have performed all the simulations with the full dispersion relation ͑Eq. ͑12͒ in Ref. ͓28͔͒ so as to take into account the higher-order dispersive terms. We did not obtain significant changes in the results and, therefore, limit this section to the simulation results at 800 nm with dispersion up to the third order. Figure 8 shows the far-field and near-field patterns obtained in the same conditions as in Fig. 7 , but with a larger value of the cross section for MPA, i.e., ␤ K =5 ϫ 10 −47 cm 7 /W 4 instead of ␤ K =1ϫ 10 −47 cm 7 /W 4 in Fig. 7 . We used model ͑5͒ ͑first column in Fig. 8͒ or ͑6͒ ͑second column in Fig. 8͒ .
C. Influence of the amount of nonlinear losses
In model ͑5͒, the catastrophic collapse that would have occurred for a pure Kerr model is arrested by NLL; note that group velocity dispersion alone is, in principle, able to arrest collapse but here, the dispersive coefficients for water are sufficiently small that NLL constitutes the prevailing mechanism, as shown in Sec. IV. In model ͑6͒, collapse is arrested by both NLL and plasma-induced defocusing. In both cases, the pulse propagates closer to the collapse singularity when the cross section for multiphoton absorption is small. This means that slightly larger intensities are reached near the collapse, which will in turn trigger more efficient nonlinear effects, including self-phase modulation and associated FIG. 7 . Far field ͑top͒ and near field ͑bottom͒ after 3 cm propagation in water as in Fig. 6 , but with shock terms in the model and dispersion up to the third order. First column: no plasma, shocks. Second column: plasma, shocks.
space-time coupling. This constitutes the seed for the transformation of the pulse into X waves during the postcollapse dynamics. Figure 8 exhibits far fields with smaller arms, smaller on-axis emission, weaker modulation although the general features described above are visible. The near fields show similar structures as above with two temporal peaks surrounding feet having a biconical structure in the r-t space. The interference between these peaks is weaker. Figure 9 shows computed near fields and far fields after propagation over 3 cm in water of a 3 J infrared pulse, in the same conditions as in previous figures, but only for model ͑6͒ including plasma-induced defocusing. Pulses with larger energy and the same duration have a larger peak power corresponding here to a jump from 7 to 11 P cr . Selffocusing is, therefore, more efficient, which results in a faster focusing-defocusing dynamics. The near fields exhibit more pronounced temporal pulse splitting than their counterpart at lower energy, resulting also in a fringe pattern with a better contrast. The smallest value for ␤ K =1ϫ 10 −47 cm 7 /W 4 was used in the first column and the largest value in the second column. It can be seen that the extension of the long arms in the far fields is larger on the first column, with the smallest ␤ K . This is due to the fact that during the self-focusing stage, steeper gradients are generated in the near field when a small ␤ K is used, because the collapse process is arrested later, whatever the nonlinear mechanism prevailing in the arrest process. ͑Note that the same quantity ␤ K is linked to the efficiency of both arrest mechanisms: plasma defocusing and multiphoton absorption.͒
D. Influence of the pulse energy

VI. NUMERICAL SIMULATIONS IN WATER AT 527 NM
A. Typical calculation at 527 nm Similar trends are observed at other wavelengths. For instance, Fig. 10 shows the computed far field and near field of a 527 nm, FWHM = 200 fs laser pulse with 2 J energy at a propagation distance of 3 cm. Here, the full dispersion relation of water ͑Eq. ͑12͒ in ͓28͔͒ and shock terms are taken into account. For both models without ͑first column͒ or with ͑second column͒ plasma-induced defocusing, the far fields exhibit the modulated on-axis emission as well as the central X shape with long arms that follows the dispersive properties of the material. The main difference between the models can be seen in the near fields: With plasma-induced defocusing, the pulse underwent more visible and more asymmetric splitting in time. Each subpulse originating from the splitting can be viewed as a single entity building a nonlinear X wave. According to the interpretations given in ͓19,52͔, several X waves, with different group velocities, that interact and produce not only the interference fringes and the long feet in the far field but also half-X feet.In the present numerical simulations, the half-X wave appearing around 450 nm in the far fields has its origin in the four wave mixing process between the two intense split pulses, and two X waves with different group velocities. The second half is visible only with much larger dynamical range ͑four additional decades͒.
B. Influence of the multiphoton order K
Keldysh's formulation for the calculation of the ionization rates and the multiphoton absorption coefficients relies on FIG. 8 several assumptions, among which the specific ͑non parabolic͒ band structure of the gap. It is also uncertain whether Keldysh's theory applies to water. With the ionization potential and the effective electron-hole mass specified in Table I , the cross section for multiphoton absorption computed from Keldysh's theory leads to an overestimation of the absorption losses occurring during the propagation of green laser pulses in water. We have shown that our models predict the generation of X waves during filamentation for different values of the cross section for multiphoton absorption, at a specific wavelength. Working with another wavelength for a given band gap allows us to study also the influence of the multiphoton order. Actually, a change in this parameter cannot be completely decoupled from a change in the cross section for MPA because the ionization rate K I K or the multiphoton absorption scaling as ␤ K I K must keep about the same order of magnitude, since these effects usually act to counterbalance the Kerr effect which is independent of K, K , or ␤ K . In order to investigate deeper the influence of this parameter, we therefore keep the wavelength of 527 nm and the band gap of 6.5 eV, but allow a variation of K from 3 to 4 and a corresponding variation of ␤ K . We show in Fig. 11 , the near field and the far field computed for the same parameters as in Fig. 10 except for the number of photons and the cross section for multiphoton absorption which were chosen to be K = 4 and ␤ 4 =2ϫ 10 −36 cm 5 W −3 . In this case, the general trends are very similar to those already observed with other coefficients with the only difference that the speed of the splitting dynamics is slightly different as well as the extent of the on-axis component of the far fields. These details do not preclude the genericity of the features characterizing the near and far fields. This indicates that for the generation of X waves during filamentation, the specific dependence of the cross section for multiphoton absorption on the intensity is not essential. This dependence, however, determines the strongly nonlinear dynamics occurring immediately beyond the nonlinear focus where filamentation starts, and hence the evolution of the intense core of the near field as well as the speed of the splitting process.
C. Influence of plasma absorption
We have finally studied the influence of plasma absorption on the generation of X waves during filamentation in water. Figure 12 shows the far field and near field computed from model ͑6͒ with values for the collision time, c , of 1 fs ͑left column͒ and 10 fs ͑right column͒, with the same multiphoton absorption as previously ͑K = 3 and ␤ 3 =2 ϫ 10 −24 cm 3 W −2 ͒. The main difference observed from the comparison of these figures with those previously obtained concerns the details in the multiple pulse splitting process. Several peaks appear in the near field of Fig. 12͑b͒ , as expected from the lower collision time which results in a low plasma absorption while plasma-induced defocusing is more efficient than for c = 1 fs. In the far fields, these details in the pulse splitting process leads to corresponding changes in the modulation; the indirect influence of plasma absorption can also be seen in the enhanced blue-side half-X pattern appearing around 430 nm in Fig. 12͑b͒ . This brings an additional demonstration that each subpulse appearing in the near field builds an X wave and the resulting far-field pattern can be viewed as an interaction of several X waves, here clearly visible in both the near fields and the far fields, with different positions ͑central wavelengths͒ and group velocities. 
VII. CONCLUSION
In conclusion, we have investigated numerically the influence of several physical effects and parameters on the formation of X waves during filamentation in water. The minimal physical effects to be accounted for in order to obtain these X waves numerically are the diffraction, the group velocity dispersion at second order, the optical Kerr effect and any mechanism arresting effectively the collapse ͑NLL or plasma-induced defocusing͒. Although several parameters are not known with a great precision, we have shown that in a broad range of parameter values, numerical simulations reproduce the main features of the X-wave patterns measured experimentally under the same conditions for the input pulses. In addition to the long arms in the form of a central X signature in the far field which constitute a nearly universal character ͓19͔, strong on-axis emission, modulation of the spectra as well as the high-frequency half-X predicted from a four wave mixing interpretation ͓52͔ are obtained numerically. Yet a better knowledge of the physical parameters entering in the model would certainly lead to a better quantitative agreement. The far fields and near fields presented in this paper are all plotted in logarithmic scale, which visually enhances the importance of the long arms and of the red and blue half-X components. This makes some features apparent in the simulation results but not necessarily observed in measured far fields which have a smaller dynamic range. For example, the red tails of the central X pattern at 800 nm are missing on Fig. 1͑b͒ . In this respect, note that it was not sufficient to take account of higher-order dispersive coefficients or even the full dispersion relation ͓28͔ so as to reproduce the measurements. However, an artificially increased third-order dispersive coefficient in the model allows attenuation of the numerically computed red tails. The absence of these red tails in experiments might also be due to an imperfect input Gaussian pulse or to a possible frequency dependence of the multiphoton absorption. Our simulations, therefore, show that the importance of the exact chromatic dispersion to limit the spectral extent of the supercontinuum generation, first pointed out in Ref. ͓24͔, can be shadowed by that of the strong nonlinear effects acting as a seed for the generation of the X waves. The spectral extent of the supercontinuum is linked to the efficiency of the seed, which again advocates for a better knowledge of the effective ionization rates and more generally the physical parameters in our model. A recent study even suggested that the chromatic properties of the medium are modified by plasma-induced defocusing ͓54͔; the effect indeed modifies the refraction index as ␦n =− p 2 / 2 , which clearly indicates a stronger influence on the red part of the spectrum.
A common trend with the measurements is the fact that the structure of the numerically computed X waves is more or less stable in the sense that these features appear in the far field beyond the arrest of the collapse, whatever the mechanism arresting the collapse. Then they evolve only slowly while the near-field pattern can exhibit recurrent nucleation and extinction of temporal peaks or subpeaks, the recurrence being accelerated at large energies of the input pulses or by lowering the various coefficients linked to the absorption of energy.
The recurrent nucleation of substructures in the near field is in agreement with the model of the laser energy reservoir ͓55͔ according to which the hot core of the wave contains and dissipates slowly a fraction of the total energy via NLL, mainly during the filamentation stage producing intense peaks, while the cold and extended part of the wave continually refills the hot core owing to self-focusing. This competition between strong nonlinear processes is accompanied by important organization of the visible low-intensity parts of the wave in which linear processes such as diffraction and dispersion prevail. This organization of the wave structure during filamentation slowly transforms the Gaussian pulse initially localized in the physical as well as the spectral space, into an extended, weakly localized wave. Despite the seemingly stationary state observed and computed in the far fields, these processes rule out the possibility that a solitary wave, which is intrinsically localized in space and time, governs the evolution of the laser field during filamentation.
APPENDIX: DERIVATION OF THE PROPAGATION EQUATION
Equation ͑2͒ is obtained from the wave equation in a dispersive medium including the nonlinear response of the medium ͑polarization and current͒ The laser field is written as the superposition of the carrier wave and envelope FIG. 12 . Same as in second column of Fig. 10 with plasma absorption and avalanche ionization with parameters c =1 fs ͑first column͒, and c =10 fs ͑second column͒.
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